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CHAPTER � 

 

REFINEMENT OF THE MODEL AND GENERAL 

APPLICATION 

 

 

 

5.1 Introduction 
 

Chapters 2-4 of this Thesis are devoted to the development of a general model to 

study the thermo-elasto-plastic problem of the squashing of a soft and ductile particle 

in a line elastohydrodynamic contact. Chapter 2 deals with the particle�s kinematics 

inside the contact gap and shows that, in the cases of contacts that involve sliding, 

the particle sticks to the counterface with the higher friction coefficient immediately 

after being pinched, thus sliding on the other counterface along the inlet and the 

Hertzian zone of the contact. The study is restricted to soft and ductile particles, 

which leaves space to consider the counterfaces as being rigid. In reality, the 

counterfaces are deformable, and their deformation causes some of the pressure 

between them and the particle to be released. Moreover, the elastohydrodynamic 

pressure in the contact affects the particle when the latter comes close to the Hertzian 

zone and the effect is transferred to the pressure and traction between the particle and 

the counterfaces. These effects have so far been neglected as the solid pressure 

model used until now is that presented in section 2.6, which omits counterface 

deformations and the effective elastohydrodynamic pressure on the particle. 

 In the present chapter, the pressure model of section 2.6 is replaced by a new 

and more detailed model to eliminate the previously mentioned inadequacies. The 

improvements reflect the effect of both mechanical and thermal stresses on the 

surface displacements, which are coupled in a non-linear relation to resolve the 

pressure between the particle and the counterfaces. The complete model is then 

presented in its full potential through a detailed example, which includes all the 
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3-dimensional temperature and stress/strain/displacement calculations. In summary, 

the model includes the following: 

�� Calculation of the motion of a trapped particle in a contact (chapter 2). 

�� Calculation of the heat produced due to friction between the particle and the 

counterfaces. Heat partitioning between the counterfaces (chapter 3). 

�� 3-dimensional heat conduction calculations in the counterfaces, assuming 

thermally anisotropic (orthotropic) solids (chapter 3). 

�� Calculation of the heat losses from the particle and the counterfaces to the 

lubricant (chapter 3). 

�� 3-dimensional mechanical and thermal stress/strain/displacement calculations for 

both counterfaces (chapter 4). 

�� Checking for plastic deformations in the counterfaces and, finally, assessing the 

risk of damage in the contact, due to the presence of the particle (chapter 4). 

 

 

 

 

5.2 Solid pressure on the particle � an advanced mo del 
 

In section 2.6, a simplified version of a model developed by Hamer et al. (1989b) to 

calculate the pressure on a soft particle being plastically compressed between two 

hard flat surfaces, was temporarily adopted. That model served as a neat tool to 

obtain quick results needed in further parts of the main model of this Thesis, but is 

not adequate (in its simplified form used by the present author) to give a 

satisfactorily accurate estimation of the pressure. There are three reasons for this 

inadequacy. 

(1) The omission of surface displacements, normally imposed by the calculated 

pressure, which would release some of the pressure. This was done by the present 

author to simplify the early analysis and is not a feature of the original model of 

Hamer et al. (1989). 

(2) The omission of thermal displacements, induced by the frictional heating and 

thermal stresses in the contact, as is shown in chapter 3. 

(3) The omission of the effect of the elastohydrodynamic pressure along the 

periphery of the (disk shaped) particle. 
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 The above are all removed in this section. Moreover, the local speeds and 

tractions at the interfaces of the particle with the counterfaces are more clearly and 

accurately defined, as is shown later. In general, the deformation of the particle is not 

axisymmetrical, because the tractions on both of its faces (when the particle is seen 

as a disk) and the lubricant pressure around it are variable with position. The result 

might be a slightly elongated particle, the elongation being in the direction of sliding 

of the counterfaces, if such a motion exists. In purely rolling contacts, this elongation 

is not present. This has indeed been experimentally shown by Wan and Spikes 

(1988) and Dwyer-Joyce (1993). However, even in the case of sliding contacts, the 

particle will be assumed to remain circular, and the reasons for this assumption are 

explained in section 2.4.  

 According to the model of section 2.4 (see figure 2.5), the particle is 

modelled as a cylinder, having its faces in contact with the counterfaces. At the last 

stage of its squashing (inside the Hertzian zone of the contact), the particle is thus 

transformed into a very thin circular disk. At any stage during its plastic deformation, 

the particle is partitioned in elemental orthogonal parallelepipeds, which, if projected 

on the xy plane as in figure 5.1, appear as squares. These parallelepipeds or squares 

are called �sectors� in the remaining of this study . 

 

 

 

Figure 5.1 Particle (red circle) partitioned in sectors. 
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The peripheral sectors of the partitioned particle (figure 5.1) have either two or three 

wetted sides (like sectors A and B, respectively), which are under the action of the 

local elastohydrodynamic pressure pEHL. The elastohydrodynamic pressure is 

calculated by solving the line EHL contact problem by any suitable method. 

Alternatively, it can be substituted by the relative Hertzian pressure distribution, 

which serves as a good approximation, especially in the Hertzian zone of the contact. 

Either way, pressure pEHL is known at any position (x,y) in the contact. 

 Any sector of the particle is under the action of three normal stresses: the 

internal stresses �x, �y, and the externally applied solid pressure p (figure 5.2). 

Surface tractions �1 on surface 1 and �2 (not shown in figure 5.2) on surface 2 are 

also applied, caused by the friction between the particle and the counterfaces. 

 

 

Figure 5.2 Forces on an elemental parallelepiped (sector) of the particle. 
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where angle � can be viewed in figure 3.1 (it�s the angle between axis x and the 

vector of the extrusion velocity). The resultant speeds V1 and V2 of a sector relatively 

to counterfaces 1 and 2 respectively, are as follows: 

 

)2 ,1( ,   22
, ��� iVVV yxii                                                                                       (5.2) 

 

 The following angles �1 and �2 are defined: 
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From the geometry of the problem and assuming (without loss of generality) that 

counterface 1 is moving with a higher tangential speed in comparison with 

counterface 2 (u1 > u2, see figure 2.1), it is proved that: 
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 A typical sector has dimensions �s � �s � H where H is the height of the 

sector along the z-axis: 

 

21 wwhH ���                                                                                                       (5.6) 

 

where h is the elastohydrodynamic film thickness at the position of the sector (as if 

there were no particle present in the contact) and 21  , ww , are the surface normal 

displacements of counterfaces 1 and 2, respectively, at the position of the sector. The 

surface displacements consist of two parts: a thermal part and a mechanical part. 

 

)2 ,1( ,     mechanical,thermal ��� iwww ii,i                                                                      (5.7) 

 

 Thermal normal surface displacements are calculated using the method of the 

�thermoelastic displacement potential� (see section  4.3). After calculating the 

thermal stresses, the surface thermal stresses � � � � � ���� ��� lzyzxz therma,thermal,thermal,  and  , , arising 

from the application of the method of the Potential (denoted by the symbol ���), as 

explained in section 4.3, are suppressed by the application of an opposite surface 

loading � � � � � ���� ��� thermal,thermal,thermal, ,, zyzxz ��� . The normal surface displacements due to 

the action of the suppressive surface loading are the sum of the displacements owing 

to the normal and the tangential surface stresses: 

 

� � )2 ,1( ,     tangential,normal,
suppress ��� iwww iii                                                               (5.8) 

 

From the Boussinesq-Cerruti equations (section 4.2), the following equations are 

extracted: 
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Finally, 
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where the first part of the right-hand side of equation (5.11) is the surface 

displacement due to the application of the �thermoe lastic displacement potential�. 

 On the other hand, the mechanical part of the overall surface normal 

displacement (see equation (5.7)) is calculated exactly as outlined in equations  

(5.8)-(5.10), where, instead of the suppressive surface loading, the mechanical 

loading imposed by the particle (pressure and tractions at the Hertzian contact circle 

between the particle and each counterface) yixip ,, ,, ��  is used, where subscript i 

refers to a counterface (i = 1, 2). Of course, the calculation of the mechanical 

displacements requires the solid pressure between the particle and the counterfaces 

be known. 

 In order to calculate the solid pressure distribution on the particle, it is 

necessary to start from the peripheral sectors (figure 5.3), where the stress conditions 

are known (lubricant pressure pEHL). 

 

 

Figure 5.3 Peripheral sectors of the particle. 
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The force equilibrium of a sector along the axis x or y is written as follows: 

 

� � yxqyxyxyHyH qqqqq , ,     0ddddddd ,2,1 �������������� �����       (5.12) 

 

where dx = dy (= ds) because a sector is modelled as square on the xy-plane. 

Equation (5.12) finally gives: 
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Discretizing equation (5.13), the following two equations are derived: 
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where sector (i�1, j�1) shares a common side with sector ( i,j), the former being inner 

and the latter being outer. In equations (5.14) and (5.15), �s denotes the length of an 

edge of the square base of a sector and is constant for all sectors: 
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where R is the radius of the deformed (disk shaped) particle (equation (2.20)) and Ny 

is the number of sectors along the radius of the particle on axis y. The peripheral 

sectors are located as follows: 
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where the square brackets in equation (5.17) denote the �integer part� of the enclosed 

expression. 

 During its motion inside the elastohydrodynamic gap, the particle is under a 

full plastic state. Hence, the von Mises yield criterion can be applied at each sector of 

the particle. The von Mises equation is written as follows: 

 

� � � � � � � � 2
p
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where Yp in our case is the yield stress in uniaxial compression of the particle�s 

material (referring to the specific temperature of the sector). In our particular case, �yz 

and �zx are the tractions at the bases of the sector, whereas �xy is much less than the 

other shear stresses and can be ignored: 
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where �i,x and �i,y are given in equations (5.4) and (5.5). However, a complication 

arises because the tractions on the two bases of a sector are unequal (�1 � �2) when 

there is sliding on both faces of a sector, which is true (according to the model of the 

Thesis) when the particle is in the inlet zone of the contact, or in other words, during 

particle�s extrusion. The inequality of tractions �1 and �2 is due to the unequal friction 

coefficients used for the counterfaces. In any case, the following effective friction 

coefficient is used in the von-Mises equation: 

 

���

���
�

���

���
�

��

		

�

(5.5) and (5.4) equations  toaccording ,  0or    0 if , or  

                                                              0 and 0 if , 
2

�

2121

21
21

VV

VV

��

��

�        (5.20) 

 

The von Mises equation (5.18) is finally written as follows (bearing in mind that 

�z = � p): 
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For a typical peripheral sector (like sector A of figure 5.1): �x � �y � pEHL. Thus, 

equation (5.21) can readily be solved to give the solid pressure on any peripheral 

sector. 

 The analysis can now proceed one step further to the first set of inner sectors, 

marked by red color in figure 5.4. 

 

 

 

Figure 5.4 First set of inner sectors (red) and peripheral sectors (black). 

 

 

The internal normal stresses �x and �y of any of these inner red sectors are calculated 

from equations (5.14) and (5.15), using equations (5.4) and (5.5). The pressure p is 

then calculated from the solution of equation (5.21). 

 Applying the same procedure to all remaining sets of inner sectors, the solid 

pressure distribution on the particle is found. Initially, the thickness of the particle 

disk is assumed equal to the film thickness at the position of the centre of the 

particle. After obtaining the pressure distribution, flash temperatures are recalculated 

following the method outlined in chapter 3. This is followed by surface-displacement 

calculations according to equations (5.7)-(5.11), and the variable thickness of the 

particle is established from equation (5.6). Between two successive steps of the 

iteration, the results for the pressure are checked for equality and, if found 

unacceptably unequal, a new pressure distribution is assembled through under-

relaxation: 

 

� �previousoldpreviousnew pppp ���� �                                                                         (5.22) 
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where pprevious and pold are the pressures calculated one and two steps previously, 

respectively, and � is the under-relaxation factor, suitably chosen as � = 0.2. The 

whole procedure is repeated until the results for the solid pressure distribution 

converge. 

 The effect of surface displacements on the shape of the cylindrical 

(deformed) particle is shown in figure 5.5. 

 

 

 

 

Figure 5.5 2-dimensional, lateral view of the deformed particle. 

     The z-scale is greatly exaggerated for better viewing. 

 

 

The elliptic-shaped upper and lower parts of the particle in figure 5.5 are the result of 

the counterface displacements. These displacements are much smaller in comparison 

with the radius R of the particle, shown in figure 5.5. In chapter 2, the radius of the 

deformed particle is calculated on the basis that the counterfaces are rigid. The latter 

assumption has been removed in the present chapter. Therefore, the shape of the 

deformed particle is no longer considered idealistically cylindrical, but allows for the 

base convexities shown in figure 5.5. This affects the way of calculation of particle�s 

radius during deformation. The conservation of volume of the particle is easily 

derived from figure 5.5 and is written as follows: 

z 

x 
R Convexity due to the 

surface displacements 
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              At the position of the centre of the particle. 
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where h is the lubricant film thickness at the position of the centre of the particle, as 

if the particle were absent from the contact. Using equation (5.23) and replacing the 

double integral to take into account particle�s discretization into sectors, the radius of 

the deforming particle is given as follows: 
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Equations (5.23) and (5.24) replace equations (2.18) and (2.20), respectively. It is 

worth noting that the author has verified the accuracy of equation (2.20) by plotting 

the results for radius R using both the simplified equation (2.20) and the �accurate� 

equation (5.24); the difference is indistinguishable. It must also be mentioned that 

surface thermal expansion partly counteracts the settling of the counterfaces due to 

the solid pressure applied by the particle. The results for radius R are presented later 

in this chapter. 

 

 

 

 

5.3 Grids for the temperature and stress calculations 
 

Because of the complexity of the complete model, the number of calculation nodes 

must be kept as low as possible, without sacrificing accuracy. However, the grids 

used for the calculations must cover the whole area affected by the frictional heat and 

the thermal and mechanical stresses. The latter causes problems when the particles 

studied are big (as for example larger than 20 �m) and the central film thickness 

relatively thin (as for example less than 0.5 �m), because the stressing conditions are 
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more severe and the affected areas larger. Larger particles make their first contact 

with the counterfaces further away from the nominal point of contact (centre of the 

Hertzian zone � see figure 2.2) than smaller partic les, which means that their 

travelling distance before reaching the outlet zone of the contact is longer in 

comparison with that for the smaller particles. Conclusively, larger particles require 

bigger grids, which require more nodes for adequate discretization. 

 The grids are part of the moving counterfaces and move in space with their 

tangential speeds (u1, u2), as is shown in figure 5.6. 

 

 

 

Figure 5.6 Grids for the temperature and stress calculations. 

 

 

This means that the particle may move in relation to both grids (3-body problem) or 

in relation to just one grid (2-body problem). The boundary conditions of skin 

temperatures and pressures/tractions have to be continuously adjusted as the particle 

moves inside the elastohydrodynamic gap. 

 The boundaries of the grids are defined as follows: 

xgrid 

xgrid 

Grid for counterface 1 

Counterface 2 

Counterface 1 

u2 

u1 

Grid for counterface 2 
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where Rmax is the maximum possible radius of the disk-shaped (deformed) particle, 

which appears in the Hertzian zone of the contact: 
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The symmetry about plane y = 0 is fully taken into account in the calculations. The 

x-limits defined in equations (5.25) are relative about point x = 0 (the centre of the 

Hertzian zone of the contact) and refer to time t = 0, when the particle starts being 

elastically deformed. For t > 0, the x-position of the grids changes according to the 

motion of the counterfaces with their tangential speeds u1 and u2. If xgrid stands for 

the x-distance of a point inside the area of a grid and in the direction shown in figure 

5.6 (in other words distance from the beginning of a grid), then, at any time t � 0, the 

distance of a surface point of a grid from the centre of the Hertzian zone (x = 0) is: 

xinit + xgrid + ui•t  (i = 1, 2). Thus, all nodes can be easily addressed in space at any 

time. 

 

 

 

 

5.4 Application of the full model 
 

At this point, the model has been completely addressed and outlined in its entirety. 

The next step is a general application, analyzing a case typical of the results the 

proposed model yields. A flowchart of the complete model is shown in figure 5.7. 
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                START 

 
 

                 Input: Radii of curvature, load, 
                 mechanical and thermal properties 
              of the materials, lubricant properties, 

                                           sliding speed, slide/roll ratio 
                                        (or rolling speed), particle’s diameter. 

 
 

       EHL solver. 
 
 

    Calculate solid pressure 
on the particle. 

 
 

                                                   Calculate solid frictional 
                                                   forces on the particle. 

 
 

       Flash temperature calculations. 
 
 

          3-d thermoelastic calculations 
         (stress/strain, surface displacements). 

 
 
 

                                       No          Convergence of solid 
pressure results? 

 
 
                                                                          Yes 

 
                                                    Fluid force calculations.                                                  

 
 

        Particle movement. 
 
         
 

    STOP      Yes      Particle started exiting                 No 
            the Hertzian zone? 

 
 
 

Figure 5.7 Flowchart of the full model. 
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In this example, all simplifying assumptions adopted in previous chapters (2-4) are 

removed. The only assumption kept is that the materials are mechanically 

(elastically) isotropic. All data for the example are quoted in tables 5.1-5.3. 

 
 

          Table 5.1 
 

Particle data 

Diameter (sphere) 20 �m 

Hardness at 0 �C 100 HV 

Hardness at � �C 981•106 � 122625• �   Pa 

Mass density 7850 kg/m3 

Specific heat at � �C 445 + 8073•10-4•� � 1993•10 -6•� 2 + 2572•10-9•� 3 Joule/(kg•�C) 

Thermal conductivity at � �C 59 � 2222•10 -5•�   W/(m•�C) 

Thermal diffusivity at � �C � � � �density massC at heat  specific

C at ty conductivi thermal

��
��

�
�

 

Yield stress in uniaxial 

tension at � �C 2.8

C at  Hardness �� �
 

 

 

The particle is initially spherical, with a diameter equal to 20 �m. At 60 �C (the 

initial temperature of the contact), the particle is approximately eight times softer 

than the counterfaces. The temperature dependency of the mechanical and thermal 

properties is clearly demonstrated in table 5.1. The values used are typical for steel 

and some of them (like those for the thermal properties) are more specifically typical 

for ferrite. The data for the counterfaces are quoted in table 5.2. 
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Table 5.2 

Counterface data 

Radius of curvature R1 = 20 mm, R2 = 28 mm 

Hardness at 0 �C 800 HV 

Hardness at � �C 7848•106 � 981000• �   Pa 

Modulus of elasticity at 

� �C 207•109 � 25875000• �   Pa 

Poisson ratio 0.3 

Friction coefficient �1 = 0.2, �2 = 0.15 

Specific heat at � �C 445 + 8073•10-4•� � 1993•10 -6•� 2 + 2572•10-9•� 3   Joule/(kg•�C) 

Thermal conductivity in 

the x-direction at � �C  27.61 + 3.0558•10-3•�   W/(m•�C) 

Thermal conductivity in 

the y-direction at � �C 27.61 + 3.0558•10-3•�   W/(m•�C) 

Thermal conductivity in 

the z-direction at � �C 25.1 + 2.778•10-3•�   W/(m•�C) 

Mass density 7850 kg/m3 

Thermal diffusivity at 

� �C � � � �density massC at heat  specific

C at ty conductivi thermal

��
��

�
�

 

Coefficient of linear 

thermal expansion 11•10-6 �C-1 

Yield stress in uniaxial 

tension at � �C 2.8

C at  Hardness �� �
 

Shear modulus at � �C � �ratio Poisson12

C at  elasticity of modulus

��
�� �

 

 

 

The values used for the counterface properties are typical for steel and some of them 

(like those for the thermal properties) are more specifically typical for martensite. 
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Table 5.3 

Lubricant, contact and other data 

Sliding speed of the contact 1 m/s 

Slide/roll ratio 1 

Load per unit length of the contact 100 N/mm 

Viscosity-pressure coefficient (Z1) 0.5 

Dynamic viscosity at environmental conditions 0.1 Pa•s 

Bulk (initial, environmental) temperature (�0) 60 �C 

Density of the lubricant at ambient conditions 870 kg/m3 

Specific heat of the lubricant 2000 Joule/(kg•�C) 

Thermal conductivity of the lubricant 0.14 W/(m•�C) 

Flow perturbation parameter (�, see equation (2.24)) 0.8 

Speed U (see equation (2.25)) 0.5 m/s 

Initially the particle is carried by counterface: 2 

Number of sectors along the radius of the particle on axis y 

(Ny) 30 

Along the trajectory of the particle, complete flash 

temperature and thermomechanical calculations are done at 317 points (every 2.4 �m) 

Spatial steps for the thermomechanical stress calculations 

�x � �y � �z 50 � 9 � 20 

Boundaries of the grids: xinit, xfin, yfin (= zfin)  �700 �m, 1031 �m, 81 �m 

Total number of surface nodes (old + new) for 

thermomechanical calculations (see equations (4.71)) 560450 

Number of grid nodes 9000 (= 50 � 9 � 20) 

 

 

The values for the lubricant�s properties listed in table 5.3 are typical for unused 

engine oils (see Hamrock, 1994, chapter 4). Some interesting results are quoted in 

table 5.4. 
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      Table 5.4 

Some interesting results 

Central film thickness hc � 0.7 �m 

Hertzian contact semi-width b � 114 �m 

Tangential speeds of the counterfaces u1 = 1.5 m/s, u2 = 0.5 m/s 

Point where the particle is first pinched xt=0 � �700 �m 

Maximum particle (cylinder � deformed) radius Rmax � 43 �m 

Mass of the particle m � 0.03 �gr 

Time when the geometrical centre of the particle 

enters the Hertzian zone of the contact 0.39 ms 

Particle pass time (from x = xt=0  to  x = b) 0.54 ms 

Particle Reynolds number (equation (2.27)): 

- ignoring thermal effects due to internal 

shearing in the fluid 

- including thermal effects 

Rep = O(10-3) 

Rep = O(1) 

Maximum elastohydrodynamic pressure 0.55 GPa (figure 5.10) 

Maximum flash temperature on counterface 1 1350 �C 

Maximum flash temperature on counterface 2   846 �C 

 

 

The particle sticks to the counterface with the higher friction coefficient, which is 

counterface 1. It then slides on counterface 2 all the way until it reaches the outlet 

zone of the contact. During its plastic deformation, the particle is transformed from a 

sphere (initially) to a thin disk (finally), with a final thickness at the order of the 

central film thickness of the contact. The final thickness of the particle is actually 

greater than the central film thickness of the contact since the counterfaces deform 

elastically and accommodate a part of the body of the particle. This counterface 

elastic displacement is shown graphically later in this chapter. The flattening of the 

particle is graphically demonstrated in figure 5.8. Figure 5.8 shows the change of the 

radius of the particle as it deforms plastically during its passage through the elasto-
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hydrodynamic gap. The particle, according to the model, is assumed to be a cylinder 

during its deformation (see figure 2.5). 
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Figure 5.8 Calculated particle (cylinder) radius during plastic deformation 

        of the particle in the elastohydrodynamic gap (equation (5.24)). 

 

 

It is again noted here (like it was done in chapter 2, figure 2.8) that the initial radius 

shown in figure 5.8 is less than the radius of the spherical particle because it refers to 

the equivalent cylinder of volume equal to the volume of the initially spherical 

particle (i.e. it is not the radius of the sphere). 

 Immediately after being pinched, the particle starts being plastically 

deformed. Therefore, its radius changes continuously following the change of slope 

of the counterfaces in the inlet zone, until the particle reaches the flat Hertzian zone 

of the contact, where the radius remains approximately constant. Inside the Hertzian 

zone of the contact, the frictional heat produced between the particle and the 

counterfaces causes thermal expansion and alteration of the stress and temperature 
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fields, which results in a slightly altered local geometry of the counterfaces. 

Nevertheless, this disturbance is very small to be noticed in the radius of the particle 

shown in figure 5.8, although it is clearly noted in the figures showing the normal 

and frictional forces on the particle following next. 
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Figure 5.9 Normal force and frictional forces on the particle 

        during its passage through the contact. 

 

 

 Figure 5.9 shows the normal force on the particle (due to its plastic 

compression in the contact) as well as the two frictional forces (which are essentially 

indistinguishable in this particular figure due to the vertical-axis scaling necessary 

for plotting the normal force). Comparing figure 5.9 with figure 2.9, the latter created 

with the simplified model of chapter 2, it is immediately noticeable a change in the 

morphology of the curves. The curves in figure 2.9 are monotonically increasing 

until the entrance to the Hertzian zone, whereas the curves in figure 5.9 exhibit a 

sudden drop just before the entrance to the Hertzian zone. It is vital to realize that the 
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simplified model represented by figure 2.9 omits the effect of the elastohydro-

dynamic pressure on the particle as well as the instantaneous counterface 

displacements due to the pressure applied by the particle. The simplified model also 

omits the frictional force components on the particle applied in the direction of 

sliding of the particle (axis x). The traction map on the particle surface changes 

drastically as the particle enters the Hertzian zone of the contact, because at that 

point, its lateral expansion suddenly stops and the only remaining tractions are those 

due to its continuing sliding (and thus friction) on counterface 2. It is easily 

understood that when the extrusion of the particle ceases at the entrance of the 

Hertzian zone, the solid pressure on the particle is substantially released. However, 

the sudden drop observed in figure 5.9 is actually a mathematical idealization, since, 

in reality, the particle enters gradually (and not instantly) the flat Hertzian zone. In 

reality, the average solid pressure on the particle is expected to exhibit a more 

gradual reduction, compared with the reduction shown in figure 5.9, as the particle 

enters the Hertzian zone at a finite speed. Nevertheless, the amount of reduction 

should be the same, regardless of the model used in the study, and, thus, being equal 

to that shown in figure 5.9. 

 All the previously named simplifications have been removed from the refined 

model of the present chapter. Apparently, the effect of the elastohydrodynamic 

pressure and of the variable tractions is quite significant in the calculation of the 

pressure on the particle, and this has been fully taken into account in the advanced 

model outlined in section 5.2. The elastohydrodynamic pressure distribution for the 

presented example (neglecting any effects from the presence of the particle) is shown 

in figure 5.10. The pressure distribution of figure 5.10 resembles the Hertzian 

pressure distribution, the major deviation being in the inlet zone of the contact. It 

must be realized that the sudden rise of the elastohydrodynamic pressure at the 

entrance and the first half of the Hertzian zone is �sensed� by the particle relatively 

long before the centre of the particle disk enters the Hertzian zone because at that 

point, the leading front particle semi-disk has already entered deep enough inside the 

Hertzian zone. 
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Figure 5.10 Approximate elastohydrodynamic pressure distribution        

         of the line contact, neglecting the presence of the particle. 

 

 

More specifically, in our particular example, at the time when the centre of the 

particle crosses the imaginary line of the entrance to the Hertzian zone, the leading 

edge (sector) of the particle is at a distance �b �  Rmax = �114 �m + 43 �m = �71 �m 

from the centre of the contact (see table 5.4). At that distance, 623.0
114

71
��

�
�

b

x
, 

and the corresponding elastohydrodynamic pressure is 78 % of the maximum elasto-

hydrodynamic pressure in the contact, which is quite significant. 

 Figure 5.11 compares the solid frictional forces T1 and T2 with the lubricant 

forces on the particle (Fstat, Fdyn), similarly to figure 2.10 in chapter 2. 
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Figure 5.11 Solid frictional and fluid forces on the particle during 

     its passage through the elastohydrodynamic gap. 

 

 

Figure 5.11 shows that the solid frictional forces are much higher than the lubricant 

force components and the overall fluid force (Ffluid = Fstat + Fdyn) on the particle, as 

had been confirmed with the simpler model in chapter 2. As can be seen, the static-

pressure fluid force on the particle becomes negative for x < �250 �m. This means 

that although the elastohydrodynamic pressure initially pushes the particle out of the 

contact, it finally acts in favor of particle entrapment and drags the particle inside the 

contact gap. Of course, as already mentioned, this is by no means a decisive force in 

the particle�s motion and direction as it is much weaker than the solid frictional 

forces, which, essentially, govern the motion of the particle inside the gap. 

 In chapter 2, it is shown that the particle sticks to the counterface with the 

higher friction coefficient, immediately after being trapped (see figure 2.11). This is 
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also the case with the advanced model of the present chapter, as is clearly shown in 

figure 5.12. 
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Figure 5.12 Relative sliding speeds and extrusion speed of the particle 

            during its motion inside the elastohydrodynamic gap. 

 

 

Vp1 is the sliding speed of the particle relatively to counterface 1. Similarly, Vp2 is the 

sliding speed of the particle relatively to counterface 2. From figure 5.12, it is infered 

that the particle sticks to counterface 1 (because Vp1 = 0) and slides on counterface 2 

(Vp2 � 0). The same comments accompanying figure 2.11 hold here as well. 

 The plastic compression and sliding of the particle inside the elastohydro-

dynamic gap results in friction, which produces heat. According to the analysis of 

chapter 3, this heat can be very high for large and/or hard particles. In the example of 

section 3.8, it is shown (despite the simplifications made there) that the frictional 

heat is also very high even for large but relatively soft particles. In the present 
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chapter, after removing the simplifications of chapter 3, it is actually shown that the 

frictional heating is indeed more severe than one might expect. This is clearly 

demonstrated in figure 5.13. 

Hertzian zone

Counterface 1
Time: 0.52 ms
Maximum flash temperature: 1350 �C

 

 

Figure 5.13 Flash temperature distribution on counterface 1 as the particle 

         starts exiting the Hertzian zone of the contact (t � 0.52 ms). 

         The particle sticks to this counterface. 

 

 

Figure 5.13 shows the distribution of the flash temperature (temperature increase 

above the bulk-initial temperature) on surface 1 as the particle (its leading sector) 

starts exiting the Hertzian zone of the contact. The flash-temperature field is 

completely enveloped in the Hertzian zone because the particle at this stage has a 

diameter equal to 2•Rmax = 2•43 = 86 �m (see table 5.4), which is much smaller than 

the width of the Hertzian zone (2•b = 2•114 = 228 �m). The maximum flash 

temperature on counterface 1 is 1350 �C, which is quite high thinking that the 

particle is eight times softer than the counterfaces. However, the particle is also 

rather large (20 �m). The latter means that, when compressed in order to pass 

through the elastohydrodynamic gap (which is around 0.7 �m), the particle becomes 

a disk with a diameter equal to 86 �m. Moreover, the particle sticks to the surface 
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shown in figure 5.13, which means that all of the frictional heat that goes to the 

aforementioned surface is concentrated to a relatively small area. Due to the previous 

two reasons and the fact that the solid pressure on the particle is sufficiently high, the 

magnitude of the flash temperature reaches such a high value. 

 For the other counterface (2) on which the particle slides all the way from its 

entrapment to its rejection in the outlet zone of the contact, the frictional heating is 

less severe, because heat is spread over a larger area. Figure 5.14 shows the flash-

temperature distribution on counterface 2 at the same time as for counterface 1 

(compare with figure 5.13).  

 

Partic
le sliding direction

Counterface 2
Time: 0.52 ms
Maximum flash temperature: 846 �C

 

 

Figure 5.14 Flash temperature distribution on counterface 2 as the particle 

         starts exiting the Hertzian zone of the contact (t � 0.52 ms). 

         The green lines indicate the boundaries of the Hertzian zone. 

 

 

Because of the sliding of the particle on counterface 2 along the x-direction, the 

flash-temperature field extends over a wide area in the x-axis. The magnitude of the 

flash temperature follows closely the variation of the normal force on the particle, as 

can be realized by comparing figures 5.9 and 5.14. 
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 Compared with the temperature distribution on counterface 1, the temperature 

distribution on counterface 2 exhibits a displacement towards the inlet zone of the 

contact. This is due to the lower tangential speed of counterface 2 in comparison with 

that of counterface 1. 

 The maximum flash temperatures calculated in this example are encountered 

only 0.5 ms after the particle is entrapped. This is the time needed for the particle to 

travel from the point it is pinched to the point where its leading edge starts entering 

the outlet zone of the contact. There is a travelling distance omitted in the 

calculations, and this is the distance between the centre of the particle disk and the 

leading edge of the particle, as the leading edge (or sector) starts entering the outlet 

zone (or, equivalently, starts exiting the Hertzian zone). At the aforementioned 

travelling path, the part of the particle standing in the outlet zone will be under no 

solid pressure from the counterfaces. In fact, the solid pressure distribution on the 

particle will change, but this change is difficult to calculate with a simple analysis. It 

rather requires an elastoplastic analysis with a Finite Element method. However, this 

change has very little effect on the maximum temperature encountered in the contact 

and this can be realized by observing figure 5.14, where it is obvious that the major 

heating has already occurred before the particle starts exiting the Hertzian zone of the 

contact. Another perspective of the flash-temperature fields is obtained from the two 

contour maps shown in figures 5.15 and 5.16. 
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 Figure 5.15 Contour map of the temperature distribution on counterface 1 

   as the particle starts exiting the Hertzian zone of the contact. 

   The particle stays stationary on this counterface. Temperatures 

   shown are in degrees C. 
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 Figure 5.16 Contour map of the temperature distribution on counterface 2 

   as the particle starts exiting the Hertzian zone of the contact. 

   The particle slides from left to right on this counterface.  

   Temperatures shown are in degrees C. 
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Figure 5.16 shows that the particle has left a very hot spot on counterface 2, where 

the maximum temperature is 906 �C (60 + 846). This hot area is located behind the 

particle and in the first half of the Hertzian zone. The lubricant covering this area is 

obviously affected by this thermal shock. The effect is expected to be more 

widespread when not only one but also more particles are squashed at the same time. 

The latter was speculated by Chandrasekaran et al. (1985) when attempting to 

explain experimental results on the scuffing of bearings lubricated with contaminated 

oils. However, as is shown later, the heat convection from the counterfaces to the 

lubricant is very weak. Therefore, despite the high surface temperatures, the lubricant 

is not affected significantly by the heat wave. 

 It is interesting to see how rapid the heat accumulation is, by ploting the 

flash-temperature fields on the counterfaces before the particle enters the Hertzian 

zone. Figure 5.17 shows the flash-temperature distribution on counterface 1 at the 

time the particle starts entering the Hertzian zone (t � 0.36 ms). 
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Figure 5.17 Flash temperature distribution on counterface 1 as the particle 

         starts entering the Hertzian zone of the contact (t � 0.36 ms). 

                    The particle sticks to this counterface. Compare with figure 5.13. 
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At that time, the maximum flash temperature on counterface 1 is �only� 896 �C 

(instead of 1350 �C at the time when the particle starts exiting the Hertzian zone). 

Similarly for counterface 2,  the maximum flash temperature at the time when the 

particle starts entering the Hertzian zone is 646 �C (instead of 846 �C when the 

particle starts exiting the Hertzian zone, a 200 �C difference). The corresponding 

flash-temperature distribution is presented in figure 5.18. 
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Figure 5.18 Flash temperature distribution on counterface 2 as the particle 

         starts entering the Hertzian zone of the contact (t � 0.36 ms). 

         The particle sticks to this counterface. Compare with figure 5.14. 

 

 

Therefore, inside the Hertzian zone of the contact (width: 2•b = 2•114 = 228 �m), the 

produced frictional heat results in a 454 �C and 200 �C temperature increase for 

surfaces 1 and 2, respectively. These increments represent 34 % and 24 % of the 

maximum flash temperatures encountered on counterfaces 1 and 2, respectively. The 

percentages are significant and show that the wider the Hertzian zone of the contact, 

the more time the particle spends sliding and, hence, heating the counterfaces. On the 
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other hand, it is obvious that larger particles travel longer sliding distances before 

reaching the outlet zone as compared with smaller particles, because larger particles 

start sliding further away from the Hertzian zone in comparison with smaller ones. 

 The isothermal lines for the flash-temperature fields are shown in figures 5.19 

and 5.20, for the time when the particle starts entering the Hertzian zone. 
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 Figure 5.19 Contour map of the flash-temperature distribution   

   on counterface 1 as the particle starts entering the 

   Hertzian zone of the contact. The particle sticks to 

   this counterface. Temperatures shown are in degrees C. 

 

 

Figure 5.19 shows that the thermally affected area of counterface 1 is concentrated in 

the vicinity of the deforming particle. This is so because the particle is stationary on 

counterface 1. However, the sliding of the particle on the other surface (counterface 

2) produces a strikingly different result. As figure 5.20 demonstrates, even with the 

particle outside the Hertzian zone, the thermally affected area on counterface 2 

extends well beyond the boundaries of the particle in the direction of its trailing edge. 
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This leaves a hot path on surface 2 and affects the lubricant in the inlet zone of the 

contact. 
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Figure 5.20 Contour map of the flash-temperature distribution on 

      counterface 2 as the particle starts entering the Hertzian 

      zone of the contact. The particle stays stationary on this  

      counterface. Temperatures shown are in degrees C. 

 

 

Figure 5.20 shows that just behind the trailing edge of the particle (in the inlet zone 

of the contact), counterface 2 has a temperature of around 460 �C (60 + 400). Even at 

a distance of around 100 �m behind the trailing edge, the overall temperature is still 

around 100 �C. 

 The previous results demonstrate in a dramatic way that soft-ductile particles 

are anything but harmless when squashed in an elastohydrodynamic sliding contact. 

For the particular (typical) example, a 100 HV, 20 �m particle is capable of 

producing such immence frictional heat that maximum temperature increase in the 

contact reaches 1350 �C. The mechanism of the event is based on the fact that the 

particle is ductile and will expand substantially, until its thickness is reduced to the 

order of the central film thickness, in order for the particle to pass through the narrow 

elastohydrodynamic gap (which is usually less than 1 �m). On the other hand, the 

particle has a tendency to stick to one counterface and, thus, slide against the other. 
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Therefore, an object of large contact area will eventually slide on a surface under 

relatively high solid pressures. The end effect is the build-up of heat, which is 

transferred mainly to the counterfaces. 

 The softness of the particle would imply that the solid pressures between it 

and the counterfaces will be lower than in the case of a hard particle. This is indeed 

the case as is shown in figure 5.21. 
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Figure 5.21 Average pressure on the particle during its plastic 

                compression in the elastohydrodynamic gap. 

 

 

However, although the calculated solid pressure may be lower than in the case of a 

much harder particle (but still significantly high), a soft-ductile particle is flattened in 

the contact in contrast to a hard particle, which will more-or-less retain its initial 

shape. In other words, a hard particle will provide much less surface for friction, 

compared with a soft-ductile particle. 
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 It is interesting to discuss at this point the possibility of particle melting due 

to the severe heating. As was shown, the particle sticks to counterface 1, where the 

maximum overall temperature is 1350 + 60 = 1410 �C. Depending on particle�s 

material, the particle might soften and even partially melt, although the flash heat 

incident lasts only about 0.6 ms. The possible softening of the particle (or melting) 

could explain some occasions where it appears that the particle sticks to the faster 

moving surface, even when the faster moving surface has, apparently, a lower 

friction coefficient in comparison with the slower moving surface. As is also 

discussed in chapter 2 (see the last paragraph of section 2.8), semi-solid substances 

(like grease) are known to adhere to the faster moving surface in sliding contacts. 

Therefore, if the particle behaves as a semi-solid substance, it is logical to assume 

that it will stick to the faster moving surface at some point during its deformation, 

and that point is when the particle will start to melt. However, such behaviour is not 

universal and material can stick to the slower moving surface, too, or to both surfaces 

(see for example Zantopoulos (1998), page 429, who observed such behaviour during 

scuffing tests in tapered roller bearings). From the point of view of this Thesis, a 

possible melting of the particle marks the end of the temperature and stress analysis 

because the particle is unable to cause serious damage when being in a semi-liquid 

state. 

 Before assessing further the damage risks involved in the entrapment of soft 

particles in concentrated contacts, the complete series of thermal and overall stress-

components distributions in the contact are presented in the following pages. All 

diagrams refer to the time when the particle starts exiting the Hertzian zone. At that 

time, the flash temperatures have reached magnitudes close to their absolute 

maximum. 
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Figure 5.22 Overall stress distribution �x on the counterfaces at the time                    

                             when the particle starts exiting the Hertzian zone (t = 0.52 ms). 



§ 5.4 Application of the full model  284

 

Counterface 1 (z = 4.5 �m)

 

 

Partic
le sliding direction

Counterface 2 (z = 4.5 �m)

 

 

Figure 5.23 Overall stress distribution �y on the counterfaces at the time 

                      when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Figure 5.24 Overall stress distribution �z on the counterfaces at the time 

                      when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Figure 5.25 Overall stress distribution �xy on the counterfaces at the time 

                      when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Figure 5.26 Overall stress distribution �yz on the counterfaces at the time 

                      when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Figure 5.27 Overall stress distribution �zx on the counterfaces at the time 

                      when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Figure 5.28 Thermal stress distribution �x,thermal on the counterfaces at the time 

                 when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Figure 5.29 Thermal stress distribution �y,thermal on the counterfaces at the time 

                 when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Figure 5.30 Thermal stress distribution �z,thermal on the counterfaces at the time 

                 when the particle starts exiting the Hertzian zone (t = 0.52 ms). 



§ 5.4 Application of the full model  292

 

Counterface 1 (z = 4.5 �m)

 

 

Counterface 2 (z = 4.5 �m)

Partic
le sliding direction

 

 

Figure 5.31 Thermal stress distribution �xy,thermal on the counterfaces at the time 

                 when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Figure 5.32 Thermal stress distribution �yz,thermal on the counterfaces at the time 

                 when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Figure 5.33 Thermal stress distribution �zx,thermal on the counterfaces at the time 

                 when the particle starts exiting the Hertzian zone (t = 0.52 ms). 
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Small irregularities in some of the stress distributions shown in figures 5.22-5.33 are 

easily explained through the scale used in the figures (magnified), the number of 

nodes used (not very high because of CPU time constraints), and the large number of 

competing factors (temperature-dependent mechanical and thermal material- 

properties, thermal anisotropy, mechanical, thermal and Hertzian stresses, artificial 

surface loading to remove parasitic surface thermal stresses produced by the method 

of the �Thermoelastic Displacement Potential� (see the explanations above equation 

(5.8))). 

 The maximum values of all stress components at the time when the particle 

starts exiting the Hertzian zone (t = 0.52 ms) are summarized in table 5.5. Overall 

and thermal stress values of the same stress component do not necessarily refer to the 

same location in the bodies. 

 

 
          Table 5.5 
 

Maximum values of the overall and thermal stresses 

at the time when the particle starts exiting the Hertzian zone (t � 0.52 ms) 

Overall stress (GPa) Thermal stress (GPa) 
Stress 

Body 1 Body 2 Body 1 Body 2 

�x �5.75 �3.30 �5.29 �3.28 

�y �5.23 �3.32 �5.27 �3.32 

�z �7.22 �4.24 �6.74 �4.24 

�xy �0.07 +0.04 +0.07 �0.04 

�yz +1.00 +0.61 +1.04 +0.61 

�zx +0.29 �0.14 +0.25 +0.12 

 
 

 

As is evident from table 5.5 and from figures 5.22-5.33, the frictional heating 

between the particle and the counterfaces results in high thermal normal stresses, 

which actually account for the largest part of the overall normal stresses, with surface 

1 being the more overly stressed due to the higher flash temperatures there. 

 However, the loading map shown in table 5.5 might not be representative of 

the worst loading of the contact. This can be realized from figure 5.21, where the 
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average solid pressure on the particle is plotted. In the latter figure, it is evident that 

at the time when the particle starts exiting the Hertzian zone (t � 0.52 ms), the 

average solid pressure between the particle and the counterfaces is quite small 

compared with the maximum pressure encountered when the particle enters the 

Hertzian zone, which is at a time around t = 0.39 ms. Consequently, the mechanical 

stresses at time t = 0.52 ms are not very high, as opposed to the thermal stresses, 

which at the same time have their maximum strength. The �contest� between 

mechanical and thermal stresses starts as soon as the particle gets trapped. After that, 

the contest is continuous until the particle enters the Hertzian zone, where the 

thermal stresses prevail. The area of high risk for surface damage (plastic 

deformation) is located somewhere near the entrance to the Hertzian zone, where 

both mechanical and thermal stresses have high magnitudes. The exact location can 

be found by studying the stress history of the counterfaces during the motion of the 

particle, as is done for the flash temperatures. Due to the excessive CPU (Central 

Processing Unit) times for a complete solution of the problem, the author reports 

here an approximate time, equal to 0.36 ms, when the worst loading is expected to 

take place. At that time, the particle�s geometrica l centre is about to enter the 

Hertzian zone. The maximum flash temperatures are 896 �C on counterface 1 and 

646 �C on counterface 2, which are 66 % and 76 % of the absolute maxima 

(encountered at t � 0.52 ms), respectively, as is shown in figures 5.17-5.20. Damage 

is indeed predicted to initiate on surface 1 (where the particle is stationary). This 

would mark the end of the present analysis, because after the creation of a plasticity 

zone on one counterface, any elastic results from the model of this Thesis are, 

obviously, invalid. 

 The omission of the thermal stresses from the stress calculations would have 

given false predictions of the risk of damage in the contact. This is made clearer 

when checking for yielding at each node of the grids. For example, applying the 

simpler model of chapter 3 in a case of a 30 �m particle (with all other properties as 

in the main example of this section) it was found that for a 20 � 15 � 40 node grid, 

counterface 2 would encounter plastic deformations as follows: 

�� 0 nodes, considering only thermal stresses, 

�� 26 nodes, considering only mechanical stresses, 

�� 351 nodes, considering mechanical and thermal stresses. 
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This means that the omission of thermal stresses from the calculations would have 

resulted in about 90 % underestimation of the risk of plastic deformation and damage 

on counterface 2 (let alone the damage on counterface 1). 

 There are two important observations at this stage: 

(1) Thermal stresses increase significantly the risk of damage in the contact. This is 

immediately noticeable in table 5.5. Although mechanical stress maxima do not 

usually coincide with thermal stress maxima, it can be seen that in some areas on 

the counterfaces, thermal stresses account for the highest part of the overall 

loading. This has been confirmed by numerous authors in the past. For example, 

Ju and Huang (1982) showed analytically that the thermal stress is compressive 

and at a much higher level than that resulting from mechanical loading, when 

modelling the friction of a moving asperity on the surface of a bearing seal 

(check the conclusion of their paper). Marcher (1982b) showed analytically that 

�� the thermal stresses were greater than the mechanical stresses during the 

majority of the rub event.�, during his study of thermal versus mechanical e ffects 

in high speed sliding. He speculated that this high surface thermal (compressive) 

loading could explain the occurrence of surface �mu d-flat� cracks, which could 

promote and accelerate wear. Similar effects from thermomechanical cracking 

were mentioned in Ju and Huang (1982). The analytical paper of Tseng and 

Burton (1982) (on the thermal stress in a two-dimensional half-space for a 

moving heat input) is even more spectacular in that it shows that �� the thermal 

compressive stress is found to be ten times the normal load for the assumed 

contact conditions and hence it is this stress rather than simple load 

concentration which causes the trouble.�. The importance of thermal stresses was 

also raised by Roylance et al. (1986), who showed that by omitting them and 

treating their problem as isothermal, significant damage would not have been 

predicted. 

(2) The role of the thermal stresses, apart from increasing the risk of failure in the 

contact, is to bring the high-risk strain zone much closer to the surface, than in 

the case where thermal loading is absent. This has also been shown analytically 

in, for example, Roylance et al. (1986), and Ting and Winer (1989). The effect of 

introducing thermal stresses is qualitatively similar to the effect of increasing the 

friction coefficient; both increase the overall level of stresses and bring the high-

risk strain zone closer to the surface, with the thermal-stress maximum occurring 
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on the surface. The latter explains the initiation and propagation of surface 

thermo-cracks and the material melting and detachment from scuffed 

components. It is also important to mention here that the rapid decrease of flash 

temperature below the surface, as is shown in figure 3.3, results in a 

corresponding fast weakening of the thermal stresses with depth. This has been 

confirmed by, for example, Roylance et al. (1986, see the discussion section and 

figure 5 of their paper). Kulkarni et al. (1991) performed an elastoplastic FEM 

analysis of a rolling-sliding contact with a translating heat source and found that 

thermal gradients were negligible below a depth equal to the contact half-width. 

This is exactly the result of the present model as can be seen in table 3.3 where it 

is quoted that in a depth of 100 �m (with the contact half-width equal to 114 

�m), the maximum overall temperature is 62 �C, which is only 2 �C (or 3 %) 

above the bulk temperature of 60 �C. At the higher depth of 114 �m, the 

temperature is almost equal to the bulk temperature and the thermal gradients are 

negligible (see also figure 3.3). 

 

Since thermal stresses are so important in the development of cracks and 

high-stress zones, it is interesting to seek information on the contribution of the 

particle�s internal heating and particle and surface cooling in the final level of flash 

temperatures in the contact. 

 For the particular example studied in this section, the omission of the 

particle�s internal heating results in maximum flash temperatures reduced by 10 �C 

for both counterfaces. This means that the maximum flash temperatures would be 

1340 �C (instead of 1350 �C) and 836 �C (instead of 846 �C) for counterfaces 1 and 

2, respectively, which is only 0.7 % and 1.2 % less than the calculated flash 

temperatures, correspondingly. Similar results have been obtained in other examples 

tested by the author, which suggests that the contribution of the heat generated inside 

the particle due to its plastic deformation is too small to make a real difference in the 

level of temperatures in the contact. 

 On the other hand, the contribution of particle and surface cooling due to heat 

convection to the lubricant is much less influential and can be neglected completely. 

In absolute terms, the cooling effect is extremely weak (< O(10-6) as compared with 

the amount of frictional heat produced in the contact). This weakness is attributed 
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mainly to the value of the heat convection coefficient, which is extremely small. The 

lubricant film is indeed too thin to act as a heat sink for the absorption of the 

frictional heat, which is almost completely dissipated by conduction to the 

counterfaces. In an analytical work with some similarities (thermal stresses from a 

moving band heat source on the surface of a semi-infinite solid, using FEM analysis), 

Mercier et al. (1978) reached the same conclusion: �� For flood cooling such as 

found in sliding and machining processes, H (author�s quote: H is the heat 

convection coefficient) is not sufficiently large to significantly reduce the thermal 

stresses.�. It should be noted that the work of the previou s authors (Mercier et al.) is 

not dealing with the even more extreme case of elastohydrodynamic films, which 

would induce even weaker cooling effects, as the present author invokes here. The 

interested reader is advised to study also the paper of DesRuisseaux and Zerkle 

(1970) which includes surface cooling effects in a theoretical analysis. 

 It is now clear that the squashed particle is able to cause severe frictional 

heating, which affects directly the counterfaces, the particle and the lubricant, 

increasing dramatically the risk of surface thermal failure from the predominant 

thermal stresses. It appears that the primary failure mode is thermal rather than 

mechanical. Even if the initial damage is local, the possibility of tempering reactions 

induced by the high temperatures (for example: martensite-to-austenite 

transformations at around 700-800 �C) followed by rapid cooling that introduces 

residual stresses, and the risk of microscopic surface thermo-cracks that could later 

propagate under the influence of elastohydrodynamic pressures to result in pitting (as 

in gears) are both precursors of extended damage. From this point of view, it is 

instructive to assess the risk of damage by just looking at the level of temperatures in 

the contaminated contact, rather than studying the stress results, which might not 

indicate direct damage. Table 5.6 shows a parametric study for the maximum flash 

temperatures for various operational conditions. The parameters of the study are the 

particle�s size (diameter) and hardness, assuming a ll other data are the same as 

shown in tables 5.1-5.3. The results presented in table 5.6 are typical results of the 

full model of this Thesis and not specially selected. The magnitude difference in the 

temperature results (for surface 2 only) of table 5.6 (full model) and those of table 

3.4 (preliminary model) is basically explained by the fact that the preliminary model 

neglects the heat directed from the particle to surface 2. The latter heat comes from: 
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(a) the interface of the particle with surface 1, 

(b) the interior of the particle, and 

(c) the interface of the particle with counterface 2, (temporarily transferred to the 

particle and partly redirected back to surface 2, according to the model of section 

3.4). 

 

              Table 5.6 

Parametric study � Theoretical maximum flash temper atures (full model) 

(conditions other than those listed below are the same as in tables 5.1-5.3) 

The particle sticks to surface 1. 

Maximum flash temperature [�C] Particle diameter 

[�m] 

Particle hardness 

[HV] Surface 1 (T1) Surface 2 (T2) 

T2/T1 

[%] 

                5 100   93            17 18 

                5 200 185            34 18 

                5 400 350            68 19 

10 100 211 103 49 

10 200 415 182 44 

10 400 760 318 42 

20 100          1350 846 63 

20 200          1560 962 62 

20 400          1830        1120 61 

 

 

According to table 5.6, a 20 �m, 400 HV spherical particle (half the hardness of the 

counterfaces) is capable of raising the local temperature in the elastohydrodynamic 

contact by 1830 �C! Larger particles, like 30 �m ones, result in theoretical 

temperatures in excess of 2,000 �C, which cannot be accepted in practice because 

they are expected to cause particle and/or counterface melting and this is shown 

through the full model of this Thesis, which applies the von-Mises yield criterion and 

detects if, where and when plastic deformation would occur. 

 Table 5.6 shows also that small and soft particles (like 5 �m and eight times 

softer than the counterfaces or less) do not cause severe frictional heating, as was 



§ 5.4 Application of the full model  301

also shown in chapter 3. For so small particles, the highest risk for damage comes 

from the fact that they may accumulate in the inlet zone of the contact and cause 

fluid starvation, as is shown in chapter 1. 

 The analysis of the example in this section is completed with the presentation 

of the elastic surface-distortions in figures 5.34 and 5.35. 
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Counterface 1

 

 

Counterface 1

 

 

Figure 5.34 Elastic distortion of counterface 1 as the particle starts 

            exiting the Hertzian zone (t = 0.52 ms). Full view on 

     the upper graph and partial view on the lower graph. 
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Counterface 2

 

 

Counterface 2

 

 

Figure 5.35 Elastic distortion of counterface 2 as the particle starts 

            exiting the Hertzian zone (t = 0.52 ms). Full view on 

     the upper graph and partial view on the lower graph. 
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Figures 5.34 and 5.35 show the real elastic distortion of the counterfaces, as they 

would be observed with a naked eye, if it were possible to be frozen in time and have 

the particle removed. The maximum elastic displacements are quoted in table 5.7. 

 

 

Table 5.7 

Maximum elastic displacements 

at the time when the particle starts exiting the Hertzian zone (t � 0.52 ms) 

Displacement Displacement on surface 1 [�m] Displacement surface 2 [�m] 

u �0.95 �0.86 

� +0.22 +0.13 

w +0.57* +0.24* 

 

* A positive value for w indicates a cavity, according to the notation of figure 4.2, where the z-axis is     

   directed towards the interior of the bodies. This rule is not followed in figures 5.34 and 5.35 where     

   the w-values shown have the opposite sign (negative). 

 

 

 As figures 5.34 and 5.35 show, the elastic distortions of both counterfaces are 

very smooth. Although the displacements are elastic, it is worth mentioning here that, 

as is well known (see Tallian (1992), section 12.4), the dents caused by soft particles 

have a smooth appearance, in contrast to dents caused by hard particles, which 

appear irregular with sharp edges. According to the exhaustively detailed book of 

Tallian (1992) (see section 12.4, page 214, cases 1 and 3 of his book), �� Soft 

particle dents show rounded or drop shapes and rounded edges.�, whereas 

�� Debris (hard particle) dents are sharp-edged depressions corresponding to the 

shape of the indenting particle, originally with raised edges,��. Additional 

information can be found in the work of Sayles and Dwyer-Joyce (see for example 

Sayles (1995) and Dwyer-Joyce et al. (1992)). 

 As is also extensively explained in section 3.8 with the comments about 

Zantopoulos� (1998) paper, such soft-particle dents have usually the appearance of a 

drop (named �teardrop� in Zantopoulos� paper, altho ugh not directly referring to 

contamination particles). The results of this Thesis and especially figures 5.34 and 
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5.35 confirm the experimental findings and, moreover, �suggest� that there may be 

further evidence of the presence of soft debris right at the bottom of soft-rounded 

dents: at that area we might expect to see a secondary small dent, or cavity, caused 

by the increased softening of the material due to the high local heating, if and when 

the operating conditions permit the development of high temperatures. The lower 

graphs in figures 5.34 and 5.35 show very small bumps, which, although elastic and 

thus recoverable, are expected to possibly leave a trace of their existence when the 

deformation is irrecoverable (plastic). If such small secondary cavities exist indeed 

inside macro-dents, then the deformed ductile particles responsible for their creation 

should also exhibit a complementary bump, which should fit in those micro-cavities. 

In fact, Ville and Nelias (1997) discovered experimentally such secondary-dents 

(small holes) in indentation tests with ductile, spherical steel particles, which were of 

equal hardness to the counterfaces in rolling-sliding contacts. However, their tests 

revealed such formations even under pure rolling conditions (no sliding) and it is not 

evident to the present author that the mechanism of their creation can be explained 

solely or partially by the thermo-plastic softening factor put forward in this Thesis. It 

would be more interesting to perform an FEM analysis using the thermomechanical 

stress results at the area of maximum loading or at the area where the first yield is 

predicted to occur, before reaching more solid conclusions. 

 

 

 

 

5.5 Construction of a safe map 
 

It would be very interesting and instructive to apply the model of the Thesis in order 

to predict which combinations of particles and operating conditions involve high (or 

low) risk of damage in a rolling-sliding contaminated contact. This study can neatly 

take the form of a map showing safe and unsafe regions of operation. Such maps 

were presented by Hamer et al. (1989b), and Hamer and Hutchinson (1992), but are 

confined to one-dimensional compression, squashing a particle between two slowly 

approaching flat surfaces. 

 A similar map is constructed for the needs of this Thesis. For reasons of 

usefulness and clarity, a 2-dimensional map with axes D/hc (particle diameter/central 
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film thickness) and Vs (sliding speed of the contact) has been chosen as the best 

option. The diameter D of the particle is the diameter of the particle before its plastic 

deformation, visualizing the particle as a sphere. The counterfaces are considered to 

be of equal hardness (800 HV). The friction coefficients between the particle and the 

counterfaces are chosen to lie in the boundary lubrication regime (�1 = 0.20 and  

�2 = 0.15). The particle is taken to be ductile and much softer than the counterfaces, 

as is the main objective of this Thesis. The particle�s hardness is 80 HV, which 

means that the particle is ten times softer than the counterfaces. Finally, the slide/roll 

ratio (sliding velocity divided by the arithmetic mean of the tangential speeds of the 

counterfaces) is chosen to be equal to 1. The �safe  map� is shown in figure 5.36 and 

has been produced by applying the preliminary model of the Thesis, developed in 

chapters 2, 3 and 4, with the assumptions shown in table 3.2.  
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Figure 5.36 Safe map (based on the preliminary model of chapters 2, 3 and 4). 
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These assumptions result in calculating significantly lower flash temperatures, but, 

on the other hand, the pressure between the particle and the counterfaces is 

significantly higher due to the assumption of rigid counterfaces. The preliminary 

model was preferred to the more accurate full model of the Thesis because of time 

constraints: the full model is significantly slower in CPU times because of the added 

computational tasks involved. For the reader to get an idea of the difficulties, it 

suffices to say that a single run of the main computer program of the Thesis with the 

full model requires approximately two weeks of time in a Personal Computer with a 

266 MHz INTEL Pentium-II processor for a sufficiently accurate analysis. This 

computing power is equivalent, if not superior, to the power of large Workstations 

and Mini computers ten years ago! The six points shown in the safe map (figure 

5.36) require several program runs each, in order to locate them on the map. Even 

with the preliminary model, the total computational (CPU) time for the construction 

of the map of figure 5.36 was no less than 3 months, using a 166 MHz processor, 

excluding the time lost in correcting minor bags and inefficiencies of the code, which 

raised the overall running time to well over one year! Although the use of a fast 

Workstation or even Mainframe computer was not prohibited, such an option was not 

convenient due to the large number of tests and runs required for the development of 

the computer program, which took more than four years and more than twenty 

releases before reaching its final form of over 2,000 lines of FORTRAN 90 

optimized code. 

 Returning to the safe map, a satisfactory data fit (red line on the map) is given 

by the following quadratic model: 

 

� � c
2

s
7

scritical 10771.2002378.0565034.21 hVVD ������� �                                   (5.27) 

 

which has a correlation coefficient equal to 0.990. For harder particles (or softer 

counterfaces), the red line shown in the map will move towards the safe region. Note 

that 0.69
sc ~ Vh   since  1

 velocityrolling
�� s

r

V
S   and hc is proportional to 

(rolling velocity)0.69, according to the central film thickness formula used in this 

study (as in Pan and Hamrock (1989)). 

 Increasing the sliding speed of the contact has two effects: 
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(1) For typical working conditions, the central film thickness is increased. This 

results in lower mechanical stressing from the particle, especially in the Hertzian 

zone of the contact. Thus, the likelihood of yielding is decreased. 

(2) More frictional heat is produced, which results in higher thermal loading. Thus, 

the likelihood of yielding is increased. 

 

 Clearly, (1) and (2) above are in conflict. The outcome of their competition 

depends on the relation of the central film thickness to the sliding speed of the 

contact. Using  0.69
sc ~ Vh , as mentioned previously, the critical particle diameter is 

monotonically increasing with increasing sliding speed of the contact. This result is 

derived from equation (5.27), setting 0.69
sc Vch �� , where c is a constant, and plotting 

the result, as in figure 5.37. 
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Figure 5.37 Critical particle diameter (qualitative view) to cause damage; 

          from equation (5.27), with 0.69
sc Vch �� , where c is a constant. 




